< i plicated form. Numerical calculations are made for both these cases, and |graphs of the surface elevation are shown in figs. 1 and 2.
The second approximation for the circular cylinder is then investigated.
I The first stage is the surface effect due to a doublet at the centre, and the second | is that due to a distribution of doublets on a certain semicircle. Expressions can be obtained for the complete surface elevation, but the calculations are limited to that part which consists of regular waves to the rear of the cylinder. The integrals are investigated and reduced to a form which permits of numerical evaluation. Calculations are carried out for various velocities for two different cases, namely, when the depth of the centre is twice, and three times, the radius. ! The results are tabulated for comparison, and one may estimate from these rather extreme cases the degree of approximation of the first stage. The effect of the second stage is to alter both the amplitude and the phase of the regular waves. The amplitude of the first-stage waves has a maximum for the velocity V (gf), where / is the depth of the centre. It appears that the second stage increases the amplitude of the waves for velocities less than y/ (gf) and decreases it for velocities above this value ; further, the crests of the waves are moved slightly to the rear by an amount which varies with the speed. Some other possible applications of the method of images may be mentioned. For a doublet in a stream of finite depth, we can take successive images in the bed of the stream and in the free surface, and so build up the image system of a doubly infinite series of isolated doublets and of line distributions of doublets ; this solution may be compared with the direct solution in finite terms which may be obtained in this case. Further, similar methods may be used for the three-dimensional fluid motion due to a doublet in a stream, and application made to the corresponding problem of a submerged sphere.
Image of Doublet in Stream.
2. We may either consider the doublet to be at rest in a uniform stream or to be moving with uniform velocity in a fluid otherwise at r e st; we choose the latter alternative. Take Oa; horizontal and in the undisturbed surface of the liquid, and Oy vertically upwards. Let the axes be moving with uniform velocity c in the direction of Oa;, and let there be a two-dimensional doublet of moment M at the point (0, -/ ) with its axis making an angle a with the ' positive direction of Ox. The velocity potential of the doublet is given by real part of Meta ® + * (y + / ) *
(i)
In order to keep the various integrals convergent and so to obtain a definite result, we adopt the usual device of a small frictional force proportional to velocity and in the limit make the frictional coefficient p' tend to zero ; further, we neglect the square of the fluid velocity at the free surface.
If 73 is the surface elevation, the pressure equation gives the condition at the free surface,
we have also, at the free surface,
And as we are dealing with the fluid motion which has attained a steady state relative to the moving axes, these conditions give, in terms of the velocity potential, d2< f> , d<t>
to be satisfied at y -0. Here we have put k0 -gjc2 and tj = p We now assume the solution to be given by
The first term represents the doublet (1) in an equivalent form, valid for V + 0. The function F (k) can now be determined by means of (4), and this gives
Hence the velocity potential of the image system is . f*° . f 00
By comparison with (1) and the first term in (5), it is easily seen that the first term in (7) is the velocity potential in the liquid due to an isolated doublet at the image point (0, / ) , of moment M with its axis making an angle 7t -a with Ox.
To interpret the second term in (7) we put
We then interchange the order of integration with regard to k and p, and integrate first with respect to k. The second term of (7) thus becomes 2iKoMeia f ii e-W-i*0P
with / -y^> 0. By a comparison with (1), we see that the real part of (9) is the velocity potential of a line distribution of doublets along the line = / , extending over the negative half of that line. The magnitude of the moment per unit length at the point (-p ,f ) is 2/<0Me-,xP, and the axis at that point makes with Ox an angle K0p -a -|-7t.
It is necessary to retain the quantity fjt while manipulating the integrals, but we may put it zero ultimately and we have the following result:-The image system of the doublet M at an angle a to Ox and at d e p th / below the sur face consists of a doublet M at the image point at height/above the surface with the axis making an angle 7t -a with Ox, together with a line .distribution of doublets to the rear of the image point of constant line density 2«r0M and with the axis at a distance p in the rear making a positive angle K0p -a with the downward-drawn vertical.
It is of interest to note how the parts of the image system contribute to the surface elevation. From the preceding equations we obtain 2M ( / cos a -x sin a) , 0 -M t-a f* elKX~«f
where the real part of the second term is to be taken. The integral in (10) is transformed by contour integration, treating x positive and x negative separately; when p is made zero ultimately, the complete expressions are _ 2M ( / cos a -x sin a) The first term in each case represents that part of the local surface disturb ance due to the doublet and the isolated image doublet. The remaining terms are due to the semi-infinite train of doublets behind the image point. P art of the effect is the train of regular waves to the rear of the origin, evidently associ ated with the periodicity in the direction of the doublets along the line distribution ; and there is also a further contribution to the local surface dis turbance, which we may regard as arising from the fact th a t the line distribution is semi-infinite and has a definite front.
Horizontal and Vertical Doublets.
3. W ith the axis of the doublet horizontal, we have the well-known first approximation to the submerged circular cylinder of radius , if we take M = ca2. From (11), the surface elevation can be expressed in the form y = r r^H + 2a**oP,
where P is the real part, for x> 0, of the integral
Taking the axis of the doublet to be vertically upwards, we have a = 7c/2 in the general formulae ; and, putting M -ca2 in this case also, we obtain 2 a?x
where Q is the imaginary part of the integral (13). This integral may be expressed formally in terms of li (e/~tx), where li denotes the logarithmic integral, and may be expanded in various forms. For the numerical calcula tions which follow, it was found simplest to use the series 
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The series is sufficiently simple for calculation, though in some of the cases it was necessary to take a large number of terms.
For both the horizontal and vertical doublets we take
This means that we take the velocity to be such that the wave-length of the regular waves is hzf. We are assuming, in each case, a given doublet at depth / below the surface of deep water. The only restrictions so far are the general ones due to neglecting the square of the fluid velocity at the free surface, and the consequent limitation to waves of small height. From this point of view the data of (16) are rather extreme ; but, this being understood, it may be permissible to use them for a comparison of the two cases. With the values in (16), the calculations are comparatively simple, and lead to graphs which can be drawn suitably on the same scale throughout; these are shown in figs. 1 and 2, where the unit of length is the quantity a.
In fig. 1 , there is a horizontal doublet at C ; the arrow shows the direction es in Some Problems o f Surface Waves.
of the stream assuming the doublet to be stationary, and Ox is in the undis turbed surface. The surface elevation was calculated from (12) for the case (16). The broken curve shows the regular sine waves to which the disturbance approximates as we pass to the rear. This solution is also the first approxi mation for a submerged cylinder of radius a ; or, again, to the same order, it gives the effect caused by a semicircular ridge on the bed of a stream of depth twice the radius. From this point of view the diagram may be compared with that given by Kelvin* for a small obstruction on the bed of a stream of finite depth.
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T. H. Havelock. Fig. 2 shows the corresponding curves for a vertical doublet, calculated from (14) for the case (16); the doublet is at the point C. Here, again, the broken curve shows the cosine term of the solution to which the disturbance approximates.
We may also regard this as an approximate solution for the flow of a stream
over a bed of a certain form. This is obtained by taking the zero stream-line for the combination of the uniform stream and a vertical doublet at C under the conditions given in (16); the equation of this curve is
and its form is shown in the figure. Fig. 2 may be compared with a graph given by Wien* for the case of a sudden small rise in the bed of a stream. I t is interesting to note the general similarity of the surface elevation in the two cases shown in figs. 1 and 2 ; although the regular waves are given by a sine curve in one case and a cosine curve in the other, th at is only because of the different position of the origin relative to the general form of the obstacle.
Second Approximation for Circular Cylinder.

4.
We may now carry out further approximations for a circular cylinder i a uniform stream by the method of successive images. Keference may be made to fig. 3 , which is not drawn exactly to scale.
The image of the stream in the circle is a horizontal doublet M at the centre C. The image of M in the free surface is a doublet -M at the image point Ci together with a trail of doublets to the rear of Cr The image of this system in the circle gives a doublet -Ma2/4/2 at C2, together with a certain line distribu tion of doublets on the semicircle on CC2. So the process could be carried on, but we shall stop at this stage.
From the results already given, we could build up complete expressions for the velocity potential and surface elevation for each stage. I t would be of interest to work these out graphically to compare with fig. 1 ; but the expressions soon become complicated and their evaluation difficult, especially for the immediate vicinity of the origin. We shall therefore limit the study to the regular waves established in the rear of the cylinder. We have seen that the regular waves of the first approximation, due to the doublet ca2 at C, are given by
We take the next stage in two parts. First we have an isolated horizontal doublet of moment -ra4/4 /2 at C2, whose co-ordinates are (0, -/ -f-a2J2f). From (11) it follows that the contribution of this doublet to the regular waves is 7} = -■7r/coa4/ ' 2e~'Co(/_a2/2/) sin k0x ; x < 0 .
Next we consider the line distribution of doublets to the rear of Cx and its image in the circle. Referring to the results in § 2, there is at the point (-p , f an elementary doublet of moment 2/c0ca with its axis ma kqP -i-rt with the positive direction of Ox. The image of this in the circle is a doublet at the point whose co-ordinates are 2 a f a2p
the moment of the doublet is 2/coCu4 . dpj(p2 -f-4/2), and its axis makes with Ox the angle 2 tan-1 (p/2/) -K 0p + | tc.
From (11) we can now write down the waves due to this doublet. It should be noted that the expression will hold for
T. H. Havelock.
If, therefore, we wish to obtain the complete expression for this part of the surface elevation at a point in the range -a2/ i f < < 0, we should have to integrate with respect to p between appropriate v consider only points to the rear of this range, so th at the limits for are 0 and oo . This being understood, the distribution of doublets on the semicircle CC2 contributes to the regular waves a part given by 
5.
In the applications to be made, h and k are positive, h is less than uni and is usually a small fraction. In these circumstances, the integrals may be evaluated by expansion in power series of h. I t can be shown, after a little reduction, that we have where oo i n oo }}n
The quantities L and M may be evaluated in terms of known functions by a reduction formula. I t can readily be shown th at (r + 1) Lr+1 = kL r" -kL; + rLf, the accents denoting differentiation with respect to ; or denoting this opera tion by D, we have
The quantity M satisfies similar relations.
Im a g e s in Som e P roblem s o f S u r fa c e W aves.
Further, we have
We shall find it necessary to go as far as the sixth term in numerical calcula tion of A and B ; we therefore record to this order explicit expressions for L and M obtained from (27) and (28).
Jc2 -207c3 -f-2 T;4) e~k, L6 = -IjTik (45 -2257: + 3007;2 -1507? + 307:4 -<rfc, 
6.
The first case we shall examine is that already discussed in § 3, a cylinder whose centre is at a depth of twice the radius. I t has been remarked that this is an extreme case, but it has the advantage, as far as the calculations are con cerned, of magnifying the difference between the first and second approxima tions and so of lightening the numerical work involved. In the notation of the previous sections, we have f = 2a; k -2zc0/ = 4tc//X 0 ; h -/c0a2/4 / = 7:/32. (29) Collecting the terms in (18), (19) and (23), the regular waves established to the rear of the cylinder are given by 7] ja -Tzke~ik sin k0x -sin k0x
The first term is the first approximation, and the amplitude in this case has a maximum at 7: = 2, or when the velocity is such that the wave-length is 2~f.
We shall calculate the value of (30) for equal to 10, 8, 6, 4, 2, 1 and 0-5, given The simplest form in which to show the difference made by the second approxi mation is to express (30) We see that the second approximation makes a considerable difference in the amplitude in this case ; but it should be noted that, in addition to the depth being only twice the radius, the velocities are relatively large, the wave-length at the lowest velocity being about 1J times the depth.
The amplitude C has a maximum at the speed y/ (
; and it appears from the table that the second approximation increases the amplitude below this velocity and diminishes it at higher velocities. It seems th a t the rearward displacement, given by £, also has a maximum, amounting to about two-thirds of the radius of the cylinder.
7. I t is clear, from the form of the expressions for the surface elevation, that the accuracy of the first approximation increases rapidly as the depth of the cylinder is increased or as we take relatively smaller velocities. Without pursuing the calculations in this direction, we shall take one other case which is not quite so extreme as in the previous section. We take the depth of the centre to be three times the radius ; the data are now
In this case, instead of (30) The calculations were made for the same values of k ; and as we have taken y ' (ga) as the unit of velocity, we get a different set of velocities, but they cover much the same range. We notice th a t the decrease of the ratio a If from | to has diminished considerably the difference between C and D, and also the dis placement £. The results have the same general character as we noted in the previous case.
In any given case there are two significant quantities involved: one is the ratio of the radius to the depth and the other is the ratio of the wave-length to the depth. I t would require a more elaborate numerical study than has been attempted here to enable us to state precisely the degree of accuracy of the first approximation for given values of these ratios. In a paper by Richardson and Chaikin* it was shown th at the efficiency of different elements as emitters of soft X-rays increased with increasing atomic number-of the respective elements far less rapidly than does the corresponding property for ordinary X-rays. Whereas the efficiency for the latter is propor tional to the atomic number, it was found th a t the efficiency for soft X-rays was roughly proportional to the square roots of the atomic numbers for the elements tested. The experiments were confined to the four elements carbon (At. No. 6), iron (26), nickel (28) and tungsten (74), and were spread over a long period of time, during which various changes were made in the apparatus. They were neither primarily intended nor well adapted to investigate with any accuracy the comparative efficiency of different sources of the rays. Accord^e apparatus described in this paper has been constructed. By means of it, six elements can be tested in quick succession under similar conditions without opening up the apparatus. We have tested the 14 elements tabulated below. These are all th at we have been able to obtain which are sufficiently
The Emission o f Soft X -R a ys hy Different Elements.
